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Abstract 

We give a novel and effective criterion for algebraicity of rational normal analytic surfaces constructed from 
resolving the singularity of an irreducible curve-germ on P 2 and contracting the strict transform of a given line and 
all but the 'last' of the exceptional divisors. As a by-product we construct a new class of analytic non-algebraic 
rational normal surfaces which are 'very close' to being algebraic. These results are local reformulations of some 
results in [Mon lTa] which sets up a correspondence between normal algebraic compactihcations of C 2 with one 
irreducible curve at infinity and algebraic curves in C 2 with one place at infinity. This article is meant partly to be 
an exposition to [Monlla] and we give a proof of the correspondence theorem of (Monlf a] in the 'first non-trivial 
case'. 

1 Introduction 



In [Monlla] we give an explicit criterion to determine when a normal analytic compactification of C 2 with an 
C$ .irreducible curve at infinity of X is algebraic. The geometric counterpart of this criterion is a correspondence 
between the following categories of objects: 

normal algebraic compactifications of C 2 < — > algebraic curves in C 2 with , , 

■ with one (irreducible) curve at infinity one place at infinity 

co ' 

- (recall that 'one place' means only one branch which is analytically irreducible). In this article we reformulate the 

.results in the local setting and describe some of the (hopefully interesting) consequences. We also give a proof of 
• jthe results under a (greatly) simplifying assumption (which however applies to most of the examples we consider 

"in this article). The paper consists of two parts which can be read more or less independently: the (rest of the) 
CN -Introduction and Section deals with the local setting, whereas in Sections [3] and H] we give a complete statement of 
T 7"! !the main correspondence result in the global setting and give a proof under the simplifying assumption mentioned 

above. 

X: 

^1.1 Introduction to the problem 

Fix a line L C P 2 and let tt : Y — > P 2 be a birational morphism of non-singular algebraic surfaces. Fix an irreducible 
component E* of the exceptional divisor E of tt, and let E be the union of the strict transform L of L with all 
components of E except for E* . 

Question 1.1. When is E contractible, i.e. when does there exist a proper surjective morphism tt : Y — > Y of normal 
analytic surfaces such that tt(E) is a point in Y and tt restricts to an isomorphism on Y \ El 

Question 1.1'. When is E algebraically contractible, i.e. when does there exist Y as in the preceding question such 
that Y is also algebraic? 

It follows from a criterion of Grauert [Gr a62j that the answer to Question 11.11 is affirmative iff the matrix 
of intersection numbers of the irreducible components of E is negative definite, or equivalently, as we showed in 
[MonllbJ, iff the valuation corresponding to E* is positively skewed in the sense of [FJ07] as a valuation centered at 
infinity with respect to P 2 \L (see Proposition 12.61 for an explicit version). In particular, the answer to Question ll.il 
depends only on the configuration of the curves in E. The answer to Question ll.ll however is more delicate, as the 
following example shows. 
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Example 1.2. Consider the set up of Question ll.1'1 Let O G L C P 2 and (u, u) be a system of affine coordinates at 
O ('affine' means that both u = and i> = are lines on P 2 ) such that L = {u = 0}. Let C\ and C2 be curve-germs 
at O defined respectively by f\ := — u 3 and fi := (u — u 2 ) 5 — u 3 . Note that Cfs are isomorphic as curve-germs 
via the map (u,v) *— > (u, v — u 2 ). For each i, Let Yi be the surface constructed by resolving the singularity of Cj 
at O and then blowing up 8 more times the point of intersection of the strict transform of Cj with the exceptional 
divisor. Let E* be the last exceptional divisor, and Ei be the union of the strict transform Li (on Yi) of L and (the 
strict transforms of) all but the last of the exceptional divisors. It is straight-forward to check that both Ei have the 
same dual graph (i.e. the graph whose vertices are the irreducible components of Ei and there is an edge between 
two vertices iff corresponding curves intersect) and are analytically contractible. Figure [T] depicts the dual graph of 
Ei\ note that we labelled the vertices according to the order of appearance of corresponding curves in the sequence 
of blow-ups. Below we list some other common properties of E\ and E%. 
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Figure 1: Dual graph of Ei 



1. Removing (from the dual graph) the vertex corresponding to E\\ turns it into the resolution graph of a rational 
singularity. 

2. Removing the vertex corresponding to L turns it into the resolution graph of a sandwiched singularity (which 
is a special class of rational singularities - see |Spi90| ). 

3. The normal analytic surface Yi constructed from blowing down Ei has a trivial canonical sheaf and a unique 
singular point which is almost rational in the sense of |Nem07] . 

However, it turns out that Y\ is algebraic, but Y2 is not (see Example 12. 8p . In the algebraic case, it can also be 
shown that the image of E^ on Y\ is non-singular; we don't know what happens in the non-algebraic case. 

Note that Property [2] of the resolution graph of Figure [1] in fact holds true in general in the set up of Question 
HTl (so that the singularities on Y resulting from contraction of E are almost sandwiched). Indeed, removing the 
vertex corresponding to L and then adding a vertex corresponding to E* produces the dual graph of E (using the 
notation of the set up of Question 1 1.1'p . which is simply the exceptional divisor of n. Then Property [2] follows from 
the definition of sandwiched singularities |Spi90, Definition 1.9], namely a singularity is sandwiched iff the dual graph 
of its resolution is a part of the dual graph of the exceptional divisor of a morphism between non-singular surfaces. 
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Figure 2: Geometric answer to Question 1 1,11 



We give two versions of the answer to Question ll.l'l a geometric, but non-effective version (Theorem 12. ip as 
depicted in Figure [5] and an effective version; to avoid being redundant, we state (and prove) the effective version 
only for the simplest case (Theorem 12 .7p and give the complete statement only for the global version (Theorem I3.3p . 
The effective answer is especially useful to construct neWLj classes of non-algebraic analytic (normal) rational sur- 
faces - see also Remark 12.141 and Remark-Example 12.151 Since having only rational singularities implies algebraicity 



1 The examples in the existing literature (that we know of) of constructions (e.g. in |Gra62| ) of non-algebraic normal Moishezon surfaces 
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|Art66j . Example O (and the paragraph following Example II .2p shows that in a sense these surfaces are 'very close' 
to being algebraic. 

It is well known (and also illustrated by Example II. 2p that in general algebraicity can not be determined only 
from the dual graph of the exceptional divisor of the resolution of singularities. However, in the set up of Question 
ll.ll we can completely classify (in terms of two semigroup conditions) dual graphs of E which correspond to only 
algebraic contractions, those which correspond to only non-algebraic contractions, and those which correspond to 
both types of contractions (Theorem 12. 1Q|) . 

The problem of determining algebraicity of a (compact) analytic surface (or more generally, variety) Y has been 
extensively studied. [Gra62, Satz 2] gives a criterion in terms of the existence of a positive holomorphic line bundle 
on Y. On the other hand, a necessary requirement for Y to be algebraic is that the transcendence degree over C 
of the meromorphic function field of Y should equal dim(y), in which case Y is said to be a Moishezon space. It 
was shown in [Art62] that a normal Moishezon surface with at most rational singularities is projective. There have 
been a number of other works which give criteria for analytic surfaces to be algebraic, see e.g. [MR75J, |Bre77| . 
|FL99| . [Sch00| . [BadOlj . |Pall2j . However, all the criteria (for algebraicity) that appear in the literature are given in 
terms of cohomological or analytic invariants which are not suitabl^l for examining the set-up of Question ll.ll Our 
'geometric criterion' (see also Remark 12 .3p is stated in terms of the existence of a certain kind of divisors and has 
in a sense the same spirit as the criteria of [SchOOt Theorem 3.4] and [PairJJ Corollary 2.6]. Our 'effective criterion' 
states that Y of Question ll.ll is algebraic iff a certain element of C[x,x _1 ,y] we compute from the input data of 
Question ll .11 is in fact an element of C[x, y] (Theorem I3.3p . To our knowledge this type of criterion for algebraicity 
does not exist in the literature - it would certainly be interesting to relate it to classical invariants. 

Finally, we point out that if we identify (in the set up of Question ll.l'P P 2 \ L with C 2 , then the geometric 
criterion (Theorem I2.ip for algebraicity of Y of Question ll.ll is precisely the existence of a certain algebraic curve 
m C 2 with one place at infinity on C 2 (it is more explicit in the global version - Theorem 13. 2p . Moreover, Theorem 
13.21 has an (almost immediate) translation in the terminology of valuative tree [FJ04| which we now describe. In 
the set up of Question ll.ll let X := P 2 \ L = C 2 and v be the divisorial valuation (see Definition 13. 4p on C(X) 
corresponding to E*. Choose polynomial coordinates (x,y) on X. Then the valuative tree at infinity Vo on C[x,y] 
is the space of all valuations fi on C[x, y] such that mm{/i(x), //(y)} = — 1. It turns out that Vo has the structure 
of a tree with root at — deg( x y ) [FJOfJ Section 7.1], where deg^ ^) is the usual degree in (x, y)-coordinates. Let 
v := v I max{-y(i), —v(y)} be the 'normalized' image of v in Vo- 

Theorem 1.3 (A corollary of Theorem 13. 2p . Assume Y of Ouestion \l.l\ exists. Then it is algebraic iff there is a 
tangent vector r of v on Vo such that 

1. t is not represented by — deg, and 

2. t is represented by a curve valuation corresponding to an algebraic curve with one place at infinity. 

This correspondence between algebraicity of Y and existence of plane curves with one place at infinity is also 
evident in the comparison of the semigroup conditions. More precisely, it is possible to encode the input data for 
Question ll.ll in terms of a curve-germ C at O and a positive integer r (see Subsection 12. 2p . Then we show that for 
a fixed r and a fixed singularity type (of plane curve-germs), there is a curve-germ C with the given singularity type 
such that the corresponding Y is algebraic, iff the sequence of virtual poles (Definition 12. 9p satisfies a 'semigroup 
condition'. On the other hand, it follows from a fundamental result (developed in |AM73| . |Abh77| . [Abh78 ] . [SS94 ) 
of the theory of plane curves with one place at infinity that the same semigroup condition implies the existence of 
a plane algebraic curve C with one place at infinity with 'almost' the given singularity type at infinity. Moreover, if 
the curve C exists, then the 'virtual poles' are (up to a constant factor) precisely the generators of the semigroup of 
poles at the point at infinity of C - i.e. in this case virtual poles are real! We refer to Subsection 12.31 for details. 

1.2 Acknowledgements 

I would like to thank Professor Peter Russell for the generosity with his time and very helpful remarks and Karol 
Palka for enlightening discussions. This exposition is in a large part motivated by their suggestions. 

involve contraction of non-rational curves from smooth surfaces. On the other hand, the non-algebraic surfaces emanating from negative 
answers to Question ll.ll come from contraction of rational trees. 

2 We note however that there are numerical criteria (e.g. in |Art66| ) applicable in our setting to determine if the singularities of the 
surface Y of Question are rational - but in general (e.g. in Example II. 2 \ Y will have non-rational singularities, so that these tests do 
not apply. 
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2 Algebraicity in the local setting 



2.1 Geometric criterion for algebraicity 

We use here the notations and set-up of Question ll.ll and give the geometric answer. 

Theorem 2.1 (Geometric criterion for algebraic contractibility) . Assume E is contractible, i.e. there exists Y as in 
Ouestion \l.l\ Then Y is algebraic iff there is a compact algebraic curve C QY \E' such that C has only one place 
at E U L, where E' is the connected component of E U L that contains E* (see Figure^. 

Remark 2.2. The phrase 'C has only one place at E U L' (which is essentially the 'essence' of Theorem 12.11 - see 
Remark 1 2. 3 p means that C intersects E U L at only one point P and C is analytically irreducible at P. Identifying 

Y \ i^E U with C 2 , this is equivalent to saying that C n C 2 has one place at infinity. This observation sets up the 

correspondence ([1]) and provides the equivalence between Theorem 12.11 and its 'global' incarnation (Theorem 13. 2p . 



Remark 2.3. The non-trivial part of Theorem 12.11 is the condition 'only one place at E U L\ More precisely, 
removing this condition from Theorem 12.11 yields the statement: "Y is algebraic iff there is a compact algebraic 
curve C C Y such that C does not intersect E'" which is not hard to show. Indeed, here we sketch a proof. If Y is 
algebraic, then there exists a compact algebraic curve CC7 which does not pass through P := tt{E) € Y , which 
implies that 7r _1 (C) does not intersect E D E' . For the opposite implication, consider the surface Y' obtained from 
Y by contracting all the components of E other than E* (the contraction is possible due to Grauert's criterion). The 
singularities of Y' are sandwiched, since there is a morphism Y' — > P 2 . Since sandwiched singularities are rational 
Lip69, Proposition 1.2], a criterion of Artin [Art62| implies that Y' is projective. Let C be a closed algebraic curve 



on Y which does not intersect E' and let C (resp. L' , E'*) be the image of C (resp. L, E*) onY' . Then C' is linearly 
equivalent (as a Q-Cartier divisor) to rL' + r*E'* for some r, r* € Q>o and therefore a theorem of Zariski-Fujita 
|Laz04[ Remark 2.1.32] implies that for some m > 1, the line-bundle 0y(mC") is base-point free. Let Y 1 be the 
image of the morphism defined by sections of OyimC). Since C does not intersect L', it follows that L' maps to 
a point in Y' , and therefore Y = Y' . Consequently, Y is projective, and in particular, algebraic. 

2.2 Effective criterion for algebraicity (in a simple case) 

In this subsection we state the effective version of Theorem 12.11 in the simplest case (Theorem 12. 7p . We start with a 
discussion of a way to encode the input data of Question ll.ll in terms of a germ of a curve (and a positive integer). 

We continue to use the notations of Subsection 11.11 At first note that in the set up of Question ll.ll we may 
w.l.o.g. assume the following 

1. 7r is a sequence of blow-ups such that every blow-up (other than the first one) is centered at a point on the 
exceptional divisor of the preceding blow-up. 

2. E* is the exceptional divisor of the last blow-up. 
Now assume the above conditions are satisfied. Let 

C := an analytic curve germ at a generic point on E* which is transversal to E* , 
C:=tt(C), 

r := (number of total blow-ups in ir) — (the minimum number of blow-ups after which the strict transform of C 
transversally intersects the union of the strict transform of L and the exceptional divisor). 

It is straightforward to see that L, C and r uniquely determine Y, E* and E via the following construction: 

Construction of Y, E* and E from (L,C,r): 

Y := the surface formed by at first constructing (via a sequence of blow-ups) the minimal resolution of the singularity 
of C U L and then blowing up the point of intersection of the strict transform of C and the exceptional divisor 
r more times, 

E* := the 'last' exceptional divisor, i.e. the exceptional divisor of the last of the sequence of blow-ups in the 
construction of Y*. 
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Question: Is Y algebraic? 

Figure 3: Formulation of Question ll.ll in terms of (L, C, 



E := the union of the strict transform L on Y of L with the strict transforms of all the exceptional divisors (of the 
sequence of blow-ups in the construction of Y) except E*. 

It follows that Questions 11,11 and 1 1 . 1' I can be reformulated as below (see Figure [3]). 

Question 2.4. Let L C P 2 be a line, C be an analytic curve-germ at a point O E L and r be a non-negative integer. 
Let Yl : c,ti E* LCr and £x,c,r be the corresponding surface and divisors resulting from the above construction. 

1. When is £x,c,r contractible? 

2. When is ^L.c.r algebraically contractible? 

We now set up the notations for our answer to Question 12.41 Let (u, v) be a system of affine coordinates (i.e. 
u = and v = are lines on P 2 ) at O such that L = {u = 0} and O = (0,0). Let v = 4>(u) be a Puiseux series 
expansion for C at O. We start with a simple observation: 

Lemma 2.5. If oid u ((j)) > 1, then Ei t c,r is not contractible. 

Proof. Indeed, ord n (</>) > 1 implies that C is not tangent to L, so that the strict transforms of L and C on the blow-up 
of P 2 at O do not intersect. It follows that L has self-intersection > 0, and consequently, is not contractible. □ 

From now on we assume that ovd u (cp) < 1. Let the Puiseux pairs (see Definition 13. 5p of 4> be (qi,pi), ■ ■ ■ , (qi,Pi) 
(note that ord u (</>) < 1 implies that / > 1 and ord„(</>) = qi/pi). For every u € R, let us write [4>]< w for the (finite) 
Puiseux series obtained by summing up all terms of <f> which have order < oj. Define 

a L,c,r '■= intersection multiplicity at O of C and a curve-germ with Puiseux expansion 
v = [<f)(u)] <qi+r y p + Cu( q ' +r ^ p + h.o.t. for a generic £* E C 

= P ( (Pl ■ ■ 'Pl ~P2 ■ "Pl)— + (P2 ■■■Pi-PS- --Pl) 



Pl P\P2 

H 1- {Pi-iPi ~ Pi) — — h (pi ~ 1) — - — J + qi + r, where (2) 

Pv-Pi-x Pi-'-PiJ 

p := polydromy order of (f> (Definition 13. 5p = P1P2 • • - pi- 

Grauert's criterion for contractibility translates (after some work) into the following in the set up of Question 
2.4i This is an immediate corollary of |Monllb"l Corollary 4.11 and Remark-Definition 4.13]. 



Proposition 2.6. £x,c,r is contractible iff ord n (0) < and ai t o,r < P 2 ■ 

Now we give our criterion for algebraic contractibility in the case that C has only one Puiseux pair, i.e. 1 = 1. 



Theorem 2.7 (Effective criterion for algebraic contractibility when I = 1). Let (L,C,r) be as in Question \2.4\ 
Assume that the Puiseux expansion v = (j>(u) of C at O has only one Puiseux pair (q,p). Let uj be the weighted 
order on C(u,v) which gives weights p to u and q to v. Let f(u,v) be the (unique) Weirstrass polynomial in v which 
defines C near O. Define f to be the sum of all monomial terms of f which have uj -value less than aL,c,r = pq + r. 
Then £x,c,r is algebraically contractible iff it is contractible and deg( u v \ (/) < p\, where deg( uv ) is the usual degree 
in (u,v)- coordinates. 

We prove Theorem 12.71 in Subsection 14.21 

Example 2.8 (Continuation of Example 11.21 - see also Remark I2.14p . Let L and C\ and C2 be as in Example 11.21 
We consider Question 12.41 for C\ and C2 and r > (Example 11.21 considered the case r = 8). Figure H] depicts the 
dual graph EL,d,r\ m particular EL,,Ci,r is disconnected for r = 0. 



I 



-2 
-3 



(a) Case r = 



—2 r — 1 vertices of weight —2 
-3 

(b) Case r > 1 



Figure 4: Dual graph of -Ex^r 



Recall that Cj's are defined by fi = 0, with f\ := v — u and /2 := (v — u ) — u . It follows that the Puiseux 
expansions in u for each d has only one Puiseux pair, namely (3,5). Moreover, each fi is a Weirstrass polynomial 
in v, so that we can use Theorems 12.61 and 12.71 to determine contractibility and algebraic contractibility of Ei y Ci,r- 



Identity (|2|) implies that ocLdr = pq + r = r + 15 for each i = 1,2, and therefore Theorem 12.61 implies that 
EL,Ci,r ,s are contractible iff r < p 2 — pq = 10. We now determine if the contractions are algebraic. The weighted 
degree uj Theorem 12.71 is the same for both i's, and it corresponds to weights 5 for u and 3 for v. The / of Theorem 
12.71 (computed from /j's) are as follows: 



u 



if r = 0, 
if r > 1. 



if r = 0, 

v 5 - u 3 if 1 < r < 7, 

v 5 - u 3 - 5v 4 u 2 if 8 < r < 9. 



Theorem 12.71 therefore implies that E^d^ is algebraically contractible for all r < 10, but Ei^c 2 ,r is algebraically 
contractible only for r < 7. In particular, for r = 8, 9, the contraction of Ei,C2,r produces a normal non-algebraic 
analytic surface. 



2.3 The semigroup conditions on the sequence of virtual poles 

In this subsection we define the sequence of 'virtual poles' corresponding to a curve-germ and state two 'semigroup 
conditions' on these sequences. For a given singularity type (and a given r), if the virtual poles satisfy the first 
semigroup condition, this implies the existence of a curve-germ C (with the prescribed singularity type) such that 
El,c,t is algebraically contractible. On the other hand, satisfying both semigroup conditions ensures that -E-L,c,r are 
algebraically contractible for all curves C with the given singularity type. The first semigroup condition is precisely 
the classical semigroup condition satisfied by generators of the semigroup of poles of a plane curve with one place 
at infinity. 

We continue to use the notations of the set-up of Subsection 12. 2\ in particular, we assume that the Puiseux 
expansion for C is v = 4>{u) with Puiseux pairs (Definition 13 . 5[) (qi,pi), ■ ■ ■ , (qi,Pi) with I > 1. Define Co := L = 
{u = 0}, and for each k, 1 < k < I, let C/~ be the curve-germ at O with the Puiseux expansion v = (f)i~(u), where 
4>k(u) is the Puiseux series (with finitely many terms) consisting of all the terms of 4> upto, but not including, the 
fe-th characteristic exponent. Then it is a standard result (see e.g. |CA00l Lemma 5.8.1]) that m& := {C,Ck)o, 
< k <l, are generators of the semigroup {(C, D)o} of intersection numbers at O, where D varies among analytic 
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curve-germs at O not containing C. It follows from a straightforward computation that 

m =pi---pi, m 1 = q x p 2 ■■■pu and (3a) 
m k =p((pi- --Pk-i ~P2 ■ ■■Pk-x)— + O2 • • -Pk-l ~P3 ■ --Pk-i) (U 



Pi P1P2 

-1 h Qk 

Pi "-Pk-l Pi'-Pk, 



+ --- + (Pfc-i-l) ^ +— — ), 2 <£;</. (3b) 



Definition 2.9 (Virtual poles). Let 

f 



1 if r = 0, 
if r > 0. 



The sequence of virtual poles at O on C are mo, • • • , mr defined as 

m :=m , m\ := p\ ■ ■ ■ pi - mi, mjt :=p\ - • -p\-\Pk •••P\ — m k , 2 < k <l. (4a) 
The generic virtual pole at O is 



H • • • Pf-iPj - - r = p z - a L ,c,r if r > 0. 



Fix k, 1 < k < I. The semigroup conditions for are: 

Pfc?7i fe G Z> (m , • • • ,m fc _i). (Sl-k) 
(rhk + i,Pkrhk) n Z(m , . . . ,m fe ) = (m k+ i, Pkfhk) n Z> (m, , . . . ,m fc ), (S2-k) 

where (m^+i , Pkfhk) := {a € M : m^+i < a < Pk?nk} and Z>o(mo, • • • , mfe) (respectively, Z(mo, • • • , m^)) denotes the 
semigroup (respectively, group) generated by linear combinations of mo, • • • , m& with non-negative integer (respec- 
tively, integer) coefficients. 

Theorem 2.10. Let (q\, p\ ),..., {qi,Pi) be pairs of relatively prime positive integers with p k > 2, 1 < k < I, and 
r be a non-negative integer. Let I and rho, ■ ■ ■ ,rhr +1 be as in Definition \2.9l Assume m ; ~ +1 > (so that Ei t c,r is 
contractible for every curve C with Puiseux pairs (qi,Pi), ■ ■ ■ , (qi,pi))- Then 

1. There exists a curve-germ C at O with Puiseux pairs (qi,pi), • • • , (qi,Pi) (for its Puiseux expansion v = <j>{u)) 
such that EL t c,r is algebraically contractible, iff the semigroup condition (jSl-kj) holds for all k, 1 < k < I. 

2. There exists a curve-germ C at O with Puiseux pairs (qi,pi), • • • , (qi,Pi) (for its Puiseux expansion v = 4>{u)) 
such that Ei^c,r is not algebraically contractible, iff either (jSl-kp or (|S2-kp fails for some k, 1 < k < I. 

We prove the theorem in Section [4.21 assuming the general case of the 'effective criterion' (Theorem 13. 3p . 

Remark 2.11 ('Explanation' of the term 'virtual poles'). Let all notations be as in Theorem 12.101 In the set up 
of Question 12.41 identify P 2 \ L with C 2 , so that (l/u,v/u) is a system of coordinates on C 2 . The terminology 
'virtual poles' for mo, ■ ■ ■ , mr is motivated by the last assertion of the following result which is a reformulation of a 
fundamental result of the theory of plane algebraic curves with one place at infinity. 

Theorem 2.12 ( [AM73j . |Abh77| . |Abh78| . |SS94| ). The semigroup condition (fSTkj) is satisfied for all k, 1 < k < I, 

iff there exists a curve C in C 2 such that C has only one place at infinity and has a Puiseux expansion at the point 
at infinity with Puiseux pairs (qi,pi), ■ ■ ■ , (qj,Pi). Moreover, if C exists, then rho/p, . . . , rhr/p are the generators of 
the semigroup of poles at infinity on C , where 



P 



pi if 1 = 1-1, 
1 ifl>l. 
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In the situation of 12.121 the numbers fhk, < k < I, are usually denoted in the literature by 5k, < k < I, and 
are called the 5 -sequence of C. 

For positive integers q,p, and a curve-germ C at O, we say that C is of (<7,/j)-type with respect to (u,v)- 
coordinates iff C has a Puiseux expansion v = 4>(u) such that (q,p) is the only Puiseux pair of (ft. The following 
result is a straightforward corollary of Theorem 12.101 and the fact (which is a special case of (Her 701 Proposition 2.1]) 
that the greatest integer not belonging to 7,>o(p,p — q) is p{p — q) — p — {p — q). 

Corollary 2.13. Let p,q be positive relatively prime integers and r be a non-negative integer. 

1. Let C be a (q,p)-type curve germ at O with respect to (u,v)- coordinates. Then El : c,t is contractible iff 
r < p(p — q). 

2. There is a (q,p)-type curve germ C at O with respect to (u,v)- coordinates such that Ei y c,r is contractible, but 
not algebraically contractible, iff 2p — q < r < p(p — q) . □ 

Remark 2.14. In fact, if 2p — q < r < p(p — q), Theorem 12.71 gives an easy recipe to construct a curve C such 
that Ei t c,r is contractible, but not algebraically contractible; e.g. the curve given by (v — f(u)) p = u q would suffice 
for any polynomial f(u) € C[u] such that the coefficient of u 2 in f(u) is non-zero. In Examples 11.21 and 13.131 we 
considered the case (q,p) = (3,5) and f(u) = u 2 . 

Remark-Example 2.15 (Dual graphs arising from only non-algebraic contractions). Note that the 'virtual poles' 
of Theorem 12.101 depend only on the singularity type of C U L, i.e. Puiseux pairs (qi,pi), ■ ■ ■ , (qi,Pi) of the Puiseux 
expansion of the given curve in (u, v)-coordinates. If (qi,pi), (q2,P2) are pairs of relatively prime positive integers 
such that pi,P2 > 2, q\ < p\ and 

<72 = (Pi ~ <?i)(>2 - l)(Pl - 1) +Pi(P2 + 1), (5) 

then the 'fact' stated preceding Corollary [2J3] implies that the condition (jSl-kp fails for k = 2 and therefore Theorem 
12.101 implies that the dual graph for -Ez^o for r = 1 and any curve C with Puiseux pairs (qi,pi), (<?2,P2) (for the 
Puiseux expansion in u) corresponds only to non-algebraic analytic contractions. Setting {q\,p\) = (3, 5) and p2 = 2 
in equation © gives q2 = 23. Figure [5] depicts the dual graph of El,c,i f° r a curve with Puiseux pairs {(3, 5), (23, 2)} 
(for its Puiseux expansion in u). 



—2 7 vertices of weight —2 
-3 



Figure 5: A dual graph of Eicr which comes from only non-algebraic analytic contractions 



3 The global incarnation of the question of algebraicity 

In the set up of Question ll.l'l identifying P 2 \ L with C 2 and Y with a compactification of C 2 translates Question 
ll.ll to the following 

Question 3.1. Let X be a normal analytic compactification of X := C 2 such that X \ X is an irreducible curve. 
When is X algebraic? 

In this section we give complete statements of geometric and algebraic (which is also effective!) answers to 
Question 13 .1\ and in Section H] we present a proof of these statements under an additional simplifying condition. 

3.1 Geometric answer 

Let X := C 2 and X° := P 2 2 X. Let Xbea normal analytic compactification of X such that X\X is an irreducible 
curve and a' : X° — - > X be the bimeromorphic map induced by identification of X. Let S' be the (finite) set of 
points of indeterminacies of a'. 

Theorem 3.2. Assume a 1 is not an isomorphism, so that a' maps L OQ \S' to a point € C^. Then X is algebraic 
iff there is an algebraic curve C C X with one place at infinity such that C x n -Poo = 0> where C x is the closure of 
C inX. 
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X 



Figure 6: Geometric answer to Question 13,11 



3.2 Algebraic answer 

As in the preceding subsection, let X be a normal analytic compactification of X := C 2 such that Coo : = X \ X is 
an irreducible curve. Let v : C(X) \ {0} — >• Z be the order of vanishing along Coo. Then v is a divisorial valuation on 
C(X) (see Definition I3.4|) which is centered at infinity (i.e. there are / G C[x,y] \ {0} such that v(f) < 0). We study 
X via studying v, or more precisely 5 := — z/, which we call a semidegree (Definition 14. 4p . In Subsection 13.41 below 
we associate with 5 a (finite) sequence of elements of C[x, which we call key forms (which are analogues of 

key polynomials [Mac36] associated to u). The algebraic formulation of our result is then: 

Theorem 3.3. X is algebraic iff all the key forms associated to 5 are polynomials iff the last key form associated 
to 5 is a polynomial. 

Below we recall the notion of key polynomials associated to valuations and then define key forms for semidegrees. 

3.3 Puiseux series and Key Polynomials corresponding to valuations 

Definition 3.4 (Divisorial valuations). Let u, v be polynomial coordinates on X' = C 2 . A discrete valuation on 

C(u, v) is a map v : C(u, v) \ {0} — > Z, such that for all f,gG C(u, v) \ {0}, 

1. iy(f + g)>mm{u(f),u(g)}, 

2. v{fg) = v(f) + v{g). 

Let X' be an algebraic compactification of X'. A discrete valuation v on C(u, v) is called divisorial iff there exists a 
normal algebraic surface Y equipped with a birational morphism a : Y — > X and a curve C u on Y such that for all 
non-zero / € C[x, y], v(f) is the order of vanishing of cr*(f) along C u . The center of v on X' is cr(C u ). 

Let u, v be as in Definition 13.41 and v be a divisorial valuation on C(u, v) with v{u) > and v{v) > 0. We recall 
two of the standard ways of representing a valuation: by a Puiseux series and by key polynomials |Mac36j . 

Definition 3.5 (Puiseux series). Recall that the ring of Puiseux series in u is 

C{{u}} := |J qfu 1 ^]] = Y, a * uk/P = P € Z, p > 1 1. 

p=l lfc=0 J 

Let (f> E C{{u}}. The polydromy order [CAPO} Chapter 1] of 4> is the smallest positive integer p suchthat^eqfu 1 ^]]. 
For any r € Q, let us denote by [(/>]< r (resp. [</>]< r ) sum of all terms of 4> with order less than (resp. less than or 
equal to) r. Then the Puiseux pairs of 4> are the unique sequence of pairs of relatively prime positive integers 
(<7i)Pi)> • • • ) (Qk,Pk) such that the polydromy order of (f) is p\ ■ ■ -pk, and for all j, 1 < j < k, 
1. Pj > 2, 

i 

2- \4>] < q i ^ C[u P0 "' p i- 1 ] (where we set po := 1), and 

3. [01 gj ^C[n i; ^fe]. 

Proposition 3.6 (Valuation via Puiseux series: cf. )FJ041 Proposition 4.1]). There exists a Puiseux polynomial (i.e. 
a Puiseux series with finitely many terms) <p u € C{{n}} and a rational number r v such that for all f € C[u, v], 

u(f) = v(u)ord u (f(u,v) |„=^(„)+^) , (6) 

where ^ is an indeterminate. 

Definition 3.7. If <p u and r u are as in Proposition 13.61 we say that (f)y{u^) := (p u ( x ) + £u rv is the generic Puiseux 
series associated to v. 
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Definition 3.8 (Key Polynomials of [Mac36 after |FJ04|, Chapter 2]). Let v be as above. A sequence of polynomials 
Uo, Ui, . . . , Uk G C[u, v] is called the sequence of key polynomials for v if the following properties are satisfied: 

0. Uo = u, U\ = v. 

1. Let uij := v{Uj), < j < k. Then 

i-i 

ojj+l > rijUJj = fnjiiUi for 1 < j < k, 

i=0 

where rij G Z>o and rrij , € Z>o satisfy 

nj = min{/ € Z>o; /wj G Z^o + • • • + for 1 < j < k, and 

< m^j < rii for 1 < i < j < k. 

2. For 1 < j < k, there exists 0j G C* such that 

. i = - OjL'H'- ' ■ ■ ■ u™J{ j -\ 

3. Let uo, . . . ,Uk be indeterminates and uj be the weighted order on C [no, ... , Uk] corresponding to weights ujj for 
Uj, < j < k (i.e. the value of u on a polynomial is the smallest 'weight' of its monomials). Then for every 
polynomial / G C[w,t>], 

u(f) = max{^(F) : F G C[«o, • • • ,«*], F^o, • • • , ^Jfc) = /}• 

Theorem 3.9 ([ FJ041 Theorem 2.29]). There is a unique and finite sequence of key polynomials for v. 

Example 3.10. If v is the multiplicity valuation at the origin, then the generic Puiseux series corresponding to v 
is 4> u = £u and the key polynomials are u, v. 

Example 3.11. If v is the weighted order in (u, i>)-coordinates corresponding to weights p for u and q for v with 
p, q positive integers, then <j> v = ^ q / p and the key polynomials are again n, v. 

Example 3.12. Let C be a singular irreducible analytic curve-germ at the origin with Puiseux expansion v = 4>(u). 
Pick any positive integer r. Construct the minimal resolution of singularity of C (at O) and then blow up r more 
times the point where the strict transform of C intersects the exceptional divisor. Let E be the last exceptional 
divisor constructed via this process and v be the valuation corresponding to E. Then the generic Puiseux series 
corresponding to v is 

4> u = [<Ku)] <(q+r)/p + where 

p = the smallest positive integer such that <f> G C[[ii 1// ' p ]], 
q/p = the last Puiseux exponent of 4>, 
[4>(u)]<( q +r)/p = sum °f all terms of 4>{u) with order less than (q + r)/p. 

Example 3.13. Let C\ and C2 be the curves from Example 12.81 We apply the construction of Example 13. 121 to C\ 
and C2. The Puiseux expansion for C\ and C2 at the origin are respectively given by: v = u 3 / 5 and v = -u 3//5 + u 2 . 
It follows that the generic Puiseux series for the valuation of Example 13.121 applied to Cj's are: 



'£u 3 / 5 ifr = 0, 



u 



3/5 + ^ n (3+r)/5 if r > 1 



£u 3 ' 5 if r = 0, 

u 3/5 + ^ n (3+r)/5 if 1 < r < 7, 

< r. 



The sequence of key polynomials for v\ and vi for < r < 10 are as follows: 



key polyno- _ J u, v if r = 0, key polyno- 

mials for ui j U; V) - n 3 if r > 1. mials for ^ 2 



u, f if r = 0, 

n, u, w 5 — n 3 if 1 < r < 7, 

u, v 5 — u 3 , v 5 — u 3 — 5v 4 u 2 if 8 < r < 9. 



In particular, note that for r > 1 the last key polynomials are precisely the /j's of Example 12.81 This is in fact the 
key observation for the proof of Theorem 12.71 using Theorem 13.31 
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3.4 Degree-wise Puiseux series and Key Forms corresponding to semidegrees 

Let X = C 2 with coordinates (x, y) and let 5 be a divisorial semidegree (i.e. v := —5 is a divisorial valuation) on 
C[x,y] such that 8(x) > 0. Let u := 1/x and v := for some k such that <5(y) < k5(x). Then z/(u) > and 

v(v) > 0. Applying Proposition 13.61 to v and then translating in terms of (x, y)-coordinates yields Proposition 13.141 
below. Recall that the field C((x)) of Laurent series in x is the field of fractions of the formal power series ring 
C[[x]]. The field of degree-wise Puiseux series in x is 

oo [ 

C((x}) := \J C((x- 1/P )) = I Y. a i xi/P -k,peZ, p>l 
p=i {j<k 

Proposition 3.14 ([Monllb, Theorem 1.2]). There exists a degree-wise Puiseux polynomial (i.e. a degree-wise 
Puiseux series with finitely many terms) <p$ G C((x)) and a rational number r$ < oid x (^>s) such that for every 
polynomial f G C[x, y\, 

5(f) = 5(x)deg x (f{x,y)\ y=Mx)+ix r s ) , (7) 

where £ is an indeterminate. 

Definition 3.15. If <ps an d r$ are as in Proposition 13.141 we say that (f)g(x,£) := 4>s(x) + ^x Vs is the generic 
degree-wise Puiseux series associated to 5. 

We will need the following geometric interpretation of degree-wise Puiseux series: assume that X is a normal 
analytic compactification of X with an irreducible curve Cxd at infinity and 5 is precisely the order of pole along 
Cqq. Let X° = P 2 be the compactification of X induced by the map (x, y) i— > [1 : x : y], a : X — » X° be the natural 
bimeromorphic map, and S (resp. S') be the finite set of points of indeterminacy of a (resp. o"^ 1 ). Assume that a 
maps Cqo \ S to a point O € Loo := X° \ X. It then follows that <t _1 maps Lqo \ S' to a point P^o G Coo- 

Proposition 3.16 ( [Mo nTTb"! Proposition 4.2]). Let (f>$(x,£,) be the generic degree-wise Puiseux series associated to 
5 and 7 be an (analytically) irreducible curve-germ at O (on X°) which is distinct from the germ of L^. Then the 
strict transform of 7 on X intersects Coo \ {-Poo} iff 7 H X (i.e. the finite part of j) has a parametrization of the 
form 

t^(t,Mt^)k=c + l-o.t.) for |i|»0 (*) 
/or some c € C, where l.o.t. means 'lower order terms' (in t). 

Now we adapt the notion of key polynomials to the case of semidegrees. The main difference from the case of 
valuations is that these may not be polynomials (hence the word 'formlfl instead of 'polynomial') - see Example 13.201 
and Remark 13.211 

Definition 3.17 (Key Forms). Let 5 be as above. A sequence of elements /o,/i, ■ ■ ■ , fk £ C[x,x _1 ,y] is called the 
sequence of key forms for 5 if the following properties are satisfied: 

P0. f = x,h= y. 

PI. Let Wj := 5(fj), 0<j<k. Then 

3-1 

Wj+i < n>jU)j = m j,i^i for 1 < j < k, 

where 

(a) rij = min{! 6 Z>o; lujj € "Lujq + ■ ■ ■ + Zw,_i} for 1 < j < k, 

(b) nij/s are integers such that < rrijj < rij for 1 < i < j < k (in particular, m^o's are allowed to be 
negative). 

P2. For 1 < j < k, there exists 9j G C* such that 

f f n j O f m j,0 f m j,j-l 

J3+1 ~ Jj ~ Vjh • • • Jj-1 ■ 



3 We use the word 'form' in particular, because the key forms have a property analogous to 'weighted homogeneous forms' for weighted 
degrees. Indeed, for each key form fj of <5 there is a semidegree Sj which is an approximation of 5 such that fj is the leading form of an 
element in C[x, a; -1 , y] with respect to Sj. 
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P3. Let yo, . . . , yk be indeterminates and uj be the weighted degree on C[yo> ■ ■ ■ ,Uk] corresponding to weights Uj for 
Uj, < j < k (i.e. the value of r\ on a polynomial is the maximum 'weight' of its monomials). Then for every 
polynomial / € C[x,y], 

u(f)=min{r,(F):FeC[yo,...,y k ], F(f , . . . , f k ) = /}■ 
Theorem 3.18. There is a unique and finite sequence of key forms for 5. 

Example 3.19. If 5 is a weighted degree in (x, y)-coordinates corresponding to weights p for x and q for y with p, q 
positive integers, then the generic degree- wise Puiseux series corresponding to 5 is 4>$ = £, q / p and the key polynomials 
are fo = x and fi = y. 

Example 3.20. Set it := 1/x and v := y/x. Let v\ and vi be valuations from Example 13.131 and set Si := —Vi, 
1 < i < 2. It follows from the computations of Example 13.131 shows that the generic degree- wise Puiseux series for 
the valuation of Example 13.121 applied to Cj's are: 



' ix 2 ' b ifr = 0, 



2/5 + ^(2-r)/5 ifr > L 



'^x 2 / 5 ifr = 0, 

x 2/5 + ^ x (2-r)/5 if 1 < r < 7, 

^2/5 +a .2 + ^(2-r)/5 ifg < r _ 



The sequence of key polynomials for 5i and 62 for < r < 10 follows: 



key polyno- _ \ x,y ifr = 0, key polyno- 

mials for V\ I x, y, y 5 — x 2 if r > 1. mials for 



x, y if r = 0, 

x,y,y 5 — x 2 if 1 < r < 7, 

jr, y, y 5 — x 2 , y 5 — x 2 — 5y 4 x _1 if 8 < r < 9. 



In particular, for 8 < r < 9, the last key polynomial for 82 is not a polynomial. On the other hand, recall (from 
Example 12. 8p that E^c^r is contractible for these values of r, which implies that 82 is positive on C[x,y] \ {0}. 

Remark 3.21. As Example 13.201 illustrates, even if 5 is positive on C[x, y] \ {0}, some of the key forms may not 
be polynomials. This is precisely the reason of the difficulty of the global case and the 'content' of the algebraicity 
criteria of this article is the statement that this does not happen if 5 is the semidegree corresponding to the curve 
at infinity on an algebraic compactification of C 2 for which the curve that infinity is irreducible. 



4 Proof of the results in the case of one Puiseux pair 

Let X be a normal analytic compactification of X := C 2 with Cqo := X \ X irreducible and let 5 be the semidegree 
on C(x,y) corresponding to Cqo. In this section we give a proof of Theorems 13.21 and 13.31 under the additional 
assumption that the generic degree-wise Puiseux series for 5 has at most one Puiseux pair. In the local setting this 
gives a complete proof of Theorem 12.71 We also give a proof of Theorem 12.101 At first we briefly recall some notions 
we use in the proof: the process of compactifications via degree-like functions and the factorization of polynomials 
in terms of degree-wise Puiseux series (the latter being just a reformulation of the factorization in terms of Puiseux 
series). 



4.1 Background 

4.1.1 Degree-like functions and compactifications 

Definition 4.1. Let X be an irreducible affine variety over an algebraically closed field K. A map 5 : K[A] \{0} —> Z 
is called a degree-like function if 

1. 5(f + g) < max{(5(/), 5(g)} for all f,g G with < in the preceding inequality implying 5(f) = 5(g). 

2. 5(fg) < 5(f) + 5(g) for all f,g e K[X]. 

Every degree-like function 5 on K[X] defines an ascending filtration .P 5 := {-Fj}d>o on K[X], where := {/ £ 
K[X] : 5(f) < d}. Define 

K[Af :=0Fj, grK[X] 5 :=0F|/Ft 1 . 

d>0 d>0 
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Remark 4.2. For every / £ there are infinitely many 'copies' of / in K[X] , namely the copy of / in for 

each d > 5(f); we denote the copy of / in by (f)d- If i is a new indeterminate, then 

d>0 

via the isomorphism (f)d l— ► ft d - Note that t corresponds to (l)i under this isomorphism. 

We say that 5 is finitely- generated if K[X] 5 is a finitely generated algebra over K and that 5 is projective if in 
addition F$ = K.. The motivation for the terminology comes from the following straightforward 

Proposition 4.3 ( [MonlOj Proposition 2.5]). If 5 is a projective degree-like function, then X s := ProjK[X] 5 is a 
projective compactification of X. The hypersurface at infinity X^ := X s \X is the zero set of the Q-Cartier divisor 
defined by (l)i and is isomorphic to Proj gr K[X] 5 . Conversely, if X is any projective compactification of X such 
that X\X is the support of an effective ample divisor, then there is a projective degree-like function 5 on M.[X] such 
that X 6 =i X. 

Definition 4.4. A degree-like function 5 is called a semidegree if it always satisfies property [2] with an equality, and 
5 is called a subdegree if it is the maximum of finitely many semidegrees. As we have already seen in Section [3l a 
semidegree is the negative of a discrete valuation. 

Theorem 4.5 (cf. [MonlO] Theorem 4.1]). Let 5 be a finitely generated degree-like function on the coordinate ring 
of an irreducible affine variety X. Let I be the ideal of~K[X] s generated by (l)i- Then 

1. 5 is a semidegree (resp. subdegree) iff I is a prime (resp. radical) ideal. 

2. If 5 is a subdegree, then it has a unique minimal presentation as the maximum of finitely many semidegrees. 

3. The non-zero semidegrees in the minimal presentation of 5 are (up to integer multiples) precisely the orders of 
pole along the irreducible components of the hypersurface at infinity. 

4.1.2 Factorization in terms of degree- wise Puiseux series 

Given a degree-wise Puiseux series ip in x, the polydromy order of ip is the smallest positive integer p such that the 
exponents of all terms in ip are of the form q/p, q £ Z. Let -0 = Y^q<q a qX q ^ p , where p is the polydromy order of tp. 
Then the conjugates of ip are ifij := Y^ q <q 0,qC, q x q ^ p , 1 < j < p, where £ is a primitive p-th. root of unity. The usual 
factorization of polynomials in terms of Puiseux series implies the following 

Theorem 4.6. Let f € C[x,y]. Then there are unique (up to conjugacy) degree-wise Puiseux series ip\, . . . ,ipk an d 
a unique non-negative integer m such that 

k 

f=x m n n (y-iM*)) 

i=l ipij is a 
conjugate 
ofi>i 

4.2 Idea of the proof 

Definition 4.7. Let X := C 2 with coordinates (x,y). Let 4>(x) be a degree-wise Puiseux series in x and C C X be 
an analytic curve. We say that (x,<f>(x)) is a parametrization of a branch of C at infinity iff there is a branch of C 
with a parametrization of the form t i— > (t, 4>(t)) for \t\ 3> 0. 

Let X be a normal analytic compactification of X with := X \ X irreducible and let 5 be the semidegree on 
C(x,y) corresponding to C^. Let <f)s(x,£) be the generic degree-wise Puiseux series for 5. The following is the key 
Proposition for the proof. 

Proposition 4.8. Let fo,...,fk be the key forms associated to 5. 

1. If /o, . . . , fk are all polynomials, then X is isomorphic to the closure of the image of X in the weighted projective 
variety P fc+1 (l, S(f ), . . .,S(f k )) under the mapping (x, y) \-¥ [1 : / : • • • : fk]- 
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& If fk is a polynomial then Ck '■= V{fk) Q A is a curve with one place at infinity and its unique branch at 
infinity has a parametrization of the form (from Proposition 1 3. 1 6] ) . 

3. If there exists j, < j < k, such that fj is not a polynomial, then there does not exist any polynomial 
f € C[x,y] such that every branch ofV(f) C A at infinity has a parametrization of the form 

Below we use Proposition ^. 8l to prove Theorems l2.71l2TTUll3.2l and l3.31 In the next subsection we prove Proposition 
14.81 under the additional assumption that (f>s(x,^) has at most one Puiseux pair. 

Remark 4.9. Assertions [1] and [2] of Proposition 14.81 are more or less straightforward to see. The hard part in our 
proof of assertion [3] is to keep track of all the 'cancellations'. However, if (f>$(x,£) has at most one Puiseux pair, then 
the problem is much simpler and the proof is much shorter. 

Proof of Theorem \3.3i Note that assertions[2]and[3]of Proposition l4.8l implv that the last key form of 5 is a polynomial 
iff all the key forms of d are polynomials. Moreover, assertion [1] shows that the latter (and hence both) of the 
equivalent properties of the preceding sentence imply that A is algebraic. Therefore it only remains to show that 
if X is algebraic then all the key forms of 5 are polynomials. So assume that X is algebraic. Let X° = F 2 be the 
compactification of X induced by the map (x,y) i— > [1 : x : y], a : X — » A be the natural bimeromorphic map, 
and S (resp. S") be the finite set of points of indeterminacy of a (resp. cx -1 ). We have two cases to consider: 



Case 1: a(Coc \ S) is dense in := A \ A. In this case it follows from basic geometry of bimeromorphic maps 
that a must be an isomorphism. In particular, this implies that 5 is precisely the usual degree in (x, y)-coordinates, 
i.e. cfts(x,£) = £x. The theorem then follows from Example 13.191 



Case 2: a(Coo \ S) is a point O € L^. In this case we are in the situation of Proposition 13.161 In particular, 
o" _1 (L 00 \ S') is a point P^ € C^. Since X is algebraic, it follows that there is an algebraic curve C C X such 
that the closure of C in X does not intersect P^,. Proposition 13.161 then implies that every branch of C at infinity 
has a parametrization of the form Q . Then assertion [3] of Proposition 14.81 implies that all the key forms of 8 are 
polynomials, as required. □ 

Proof of Theorem \3.SX We continue to use the notation of the proof of Theorem 13.31 Note that a' of Theorem 13.21 is 
precisely cr _1 . At first assume X is algebraic. Since the last key form ff. is a polynomial (which follows from Theorem 
I3.3p . assertion [2] of Proposition 14.81 and Proposition 13.161 imply that C := V{fk) Q A satisfies the requirement of 
Theorem 13.21 and completes the proof of (=>■) direction of Theorem 13.21 



Now we assume that X is not algebraic. Then Theorem 13.31 implies that one of the key polynomials is not a 
polynomial. It then follows from assertion [3] of Proposition 14.81 and Proposition 13.161 that P^ lies on the closure in 
X of all algebraic curves in A, which completes the proof of (<^=) direction of Theorem 13.21 as required. □ 



Proof of Theorem 2.1 , Recall that L = {u = 0}. Let the Puiseux expansion for C at O := (0,0) be 



Let / be as in Theorem 12.71 Then it is straightforward to see that 



if r = 0, 

a monic polynomial in v of degree p otherwise. 



Let v be the divisorial valuation on C(u,v) corresponding to E* L Cr (i.e. the last exceptional divisor in the set up of 
Question 12. 4p . Then the generic Puiseux series (Definition 13. 7p corresponding to v is 

\a n g / p + --- + a r _ 1 u^ +r - 1 )/P + ^ (9+r)/p otherwise. 

(this is a special case of Example 13. 12p . If r = 0, then the key polynomials for v are Uq = u and U\ = v. For r > 1, 
the sequence continues with U2 = v p — OqU 9 and so on, with 

Uj = Uj-i — a monomial term in u,v for j > 3. 



14 



It then follows from the construction of / and the defining properties (and uniqueness) of key polynomials that / is 
precisely the last key polynomial Uf. of v. 

Now identify X := F 2 \L with C 2 with coordinates (x,y) := (l/u,v/u). Then Eil,c,t is algebraically contractible 
iff the compactification X of X corresponding to the semidegree 5 := — v is algebraic. There are two cases to 
consider: 



Case 1: / = 0. This corresponds to the case that r = 0. Then (JSj) implies that 5 is precisely the weighted degree 
corresponding to weights p for x and p — q for y. It follows that X is the weighted projective space P 2 (l,p,p — q) 
and therefore £z,c,r is algebraically contractible, as required. 

Case 2: / ^ 0. This means r > 1 and / is the last key polynomial Ut of v. It is straightforward to see (e.g. using 
the uniqueness of key forms) that the last key form of 8 is precisely x p Uk(y/x, 1/x), and the latter is a polynomial 
iff deg (u,v)(Uk) — P- Theorem [277] now follows from Theorem I3J3] □ 

Proof of Theorem \2.1(A We use the notations of Theorem 12.101 and Question 12.41 Set 




Consider a generic degree-wise Puisuex series of the form 



for 1 < j < I, 
r for j = 1 + 1. 




a 2XPl P2 + J2a 2j xPiP2 -| h a~ l x P1P2 - p i + ^ a t j x vlP2 - p i + £x 



P1P2---PI 



where a±, . . . , ar € C* and a^s belong to C. As in the proof of Theorem 12.71 identify X := P 2 \ L with C 2 with 
coordinates (x,y) := (l/u,v/u). Recall that we assume in Theorem 12.101 that Ei t c,r is contractible for every curve 
C with Puiseux pairs (qi,pi), ■ ■ ■ , (qi,Pi)- This is equivalent to saying that for all choices of a^'s and a^-'s, the 
semidegree 5^ corresponding to 4>g is the pole along the curve at infinity on some normal analytic compactification 
X$ of X with one irreducible curve at infinity. The statements of Theorem 12.101 then translate into the following 
statements: 

1. There exist a^s and a^-'s such that Xg is algebraic, iff the semigroup condition ()Sl-k[) holds for all k, 1 < k < I. 

2. There exist a^'s and a^s such that X^ is not algebraic iff either (|Sl-k|) or (|S2-kp fails for some k, 1 < k < I. 

At first we prove (<S=) implication of Statement [TJ So assume that the semigroup condition (|Sl-k|) holds for all 
k, 1 < k < I. Let ao corresponds to the choice a\ = ■ ■ ■ = ar = 1 and Ojj = for all It suffices to show that X^ 
is algebraic. Indeed, it follows from semigroup conditions (|Sl-k|) that for all k, 1 < k < 

fe-l 

Pkfh k = ^ Pkjrhj (9) 

3=0 

for non-negative integers Pk,o, ■ ■ ■ > Pkk-l- It is then straightforward to compute that the key forms of 5$ are 
/o, • • • , fi +v with f := x, fi := y, and 

fc-i 

fk+i = /f " Cfc II // W ' Cfc € C*, 1 < A; < L (10) 

In particular, each key form is a polynomial, and therefore Theorem 13.31 implies that X^ is algebraic, as required. 

Statement [2] and the (=>) implication of Statement [TJ follow from the properties of key forms of <5g listed in the 
following Claim. The Claim follows from an induction on / via a straightforward (but a bit messy) computation and 
we omit the proof. 

Claim. Let 5$ be the semidegree defined as above and fo, - ■ ■ ,f s be the key polynomials of 5^. Pick the subsequence 
fj\-> fj2i • • • °f fj ' s consisting of all fj k such that nj k > 1 (where nj k is as in Property \P1\ of Definition \3.17ty . Then 
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1. There are precisely I of these fj k 's. 

2. ji < s. 

3. 6(fj k ) = rhk/p and rij k = pt, 1 < k < I, where 

p :-- 



pi if I = 1-1, 
1 ifl>l. 



4- Define jo := 0, i.e. fj = x and 6(fj ) = tuq. Then for each k, 1 < k < I, 

h-l 



i=0 



/ifc+i = - ° k n 4 fe ' 1 f° r s ° me ° k e c *- 



5. Define := s. Then 6(f jj+i ) = 5(f s ) = m~ l+r 

6. Fix k, < k < I. For every i such that jk < i < jk+l> 

5{fi) G M k := (m k+1 ,p k rh k ) n Z(m , . . . ,rh k ) 

and on conversely, for every m € M k , there is a choice of a such that there is i with j k < i < j k +i and 
5(fi) = m. □ 



4.3 Proof of Proposition 14.81 in the case of at most one Puiseux pair 

In this subsection we prove Proposition 14.81 under the assumption that the generic degree-wise Puiseux series (j>$(x,£) 
for 5 has at most one Puiseux pair, i.e. it has one of the following two forms: 

Case 1: <fis(x,£) = h(x) + £x r for some h(x) € C[x,x _1 ] and r G Q, or 

Case 2: fafaO = h{x)+a x^ p +a 1 x^- 1 ^ p + ■ ■ ■ + a s - l x {q ~ s+1 ^ p +^ q -^/ p for some h(x) £ C[x,x- X ] and p,q,s G Z 
such that p >2, s > 1, q ^ and p, q are co-prime. 

Assume we are in Case 1. We claim that h(x) G C[x]. Indeed, otherwise we have h(x) = ho(x) + x~ l h\(x) for some 
ho G C[x] and h\ ^ G Cfx^ 1 ], and it would follow from ([7]) that 5{y — ho(x)) < 0, which is impossible, since 5 takes 
positive value on all non-constant polynomials. Similarly, we must have r > 0. Let h(x) = X^I=i biX di with d\ > • • • > 
d m > r. It follows that the key forms of S are precisely, x,y,y — b\x dl , y — foia^ 1 — b2X d2 ,...,?/ — — • • • — b m x dm . 
Since the 'last' key form is y — h{x) and all key forms are polynomials, assertions [2] and [3] of Proposition 14.81 are au- 
tomatically satisfied. For assertion[[J set y' := y — h(x) and observe that 5 is a weighted degree in (x, y')-coordinates 
corresponding to weights p for x and q for y', where r = q/p with p, q co-prime. It follows that X is precisely the 
weighted projective space P 2 (l,p, q) with the embedding X ^ X given by (x,y r ) i-*- [1 : x : y'\. Assertion [1] of 
Proposition 14.81 now follows in a straightforward way. 

Now assume Case 2 holds. It follows as in Case 1 that h(x) G C[x] and q > 0. Moreover, letting h(x) = YliLi a i xdi 
with d\ > • • • > d m > q/p, we have that the first m + 2 key forms of (5 are x,y,y — h\x dl , . . . , y — h(x). Since these 
are already polynomials, it follows from the definition of key forms that in order to prove Proposition 14.81 w.l.o.g. 
we may apply the change of coordinates (x,y) h4 (x,y — h{x)) and assume that 

fa(x, = a x q/p + a lX {q - 1)/p + ■■■ + a s _ix^- s+1 )/ p + ix {q ~ s)/p . 

We now compute the key forms of uj. Define 

p 

<S> s (x,y) :=Yl{y- a Q C jq x q/p - a^'^ x^ q - 1)/p a s _iC i{9 ~ s+1) x (9 - s+1)/p ) , 

3=1 
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where £ is a primitive p-th root of unity. In other words, $5 is the unique monic polynomial in y with coefficients 
in C[x,x _1 ] whose roots are conjugates of aox q l p + a\x^ q ~^l p + • • ■ + a s ^ix^ s+l ^ p . Let d$ := <5($5). Then 



d s = 5(x)ord x [^s(x,y)\ y= ^ {x ^j = {p - l)q + q - s = pq - s. 
Let uj be the weighted degree on C(x,y) which gives weight p to x and q to y. Note that 

where each gj's are monomial terms of the form CjX^y 13 ^ for some Cj 6 C and integers ctj,/3j such that < j3j < p. 
Order the sy's so that > a; (52) > • • • > u)(g m ) > d s > uj(g m+1 ) > ■■■ . 

Claim 4.10. The key forms of 5 are x, y, y p — a p ) x q , y p — a p ) x q — g\, . . . , y p — a^x q — J2JLi 9j- 

Proof. Let ho := y p — al^x q and hj := y p — al^x q — Yji=i 9i f° r 1 — 3 — m - It follows from the definition of <&s that 

^U, (a!)0 = (cC-c')^-^ + l.o.t. (11) 

for some c, c' £ C, c ^ 0, which implies that 5(h m ) = ds- A straightforward backward induction then proves that 
o~(h m ) < 6(h m -i) < ■ ■ ■ < 5 (ho). The uniqueness of key forms then imply that x, y, ho, ■ ■ ■ , h m are key forms for 8. 
Moreover, note that the leading term of the right hand side of identity (jlip contains the indeterminate £, which implies 
that for any n > 1, the value of S((h m ) n ) can not be reduced via adding any polynomial in x, x~ x ,y, ho, ■ ■ ■ , h m -i. 
In particular, h m is the 'last' key form for 5. □ 

Proof of assertion [7] of Proposition \4-8\ Assume that hj G C[x, y] for each j, < j < k. Let u)j := u(hj) for 
< j < m. Let WP be the weighted projective space F(l,p, q, ujq, . . . , oj m ) with weighted homogeneous coordinates 
[z : x : y : yo ■ ■ ■ ■ ■ y m ] ■ We have to show that X is isomorphic to the closure in WP of the image of X 
under the embedding (x, y) 1— y [1 : x : y : ho '■ • • • ■ h m ]. Let R be the homogeneous coordinate ring of WP, i.e. 
R := C[z, x, y, yo, . . . , y m ] with the grading on R given by the weights 1 for z, p for x, q for y, and Uj for yj, 
< j < m. Note that the closure Z of X in WP is naturally isomorphic to Proj R/J for some homogeneous ideal 
J of R. Consequently, we have to show that Proji?/J = Proj C[x, yf , where the latter ring is the graded ring 
corresponding to 5 as in Subsubsection |4". 1 . 1 i For this it suffices to show that the graded C-algebra homomorphism 
C[z,x,y,yo, ■ ■ ■ ,y m ] — > C[x,y] s which maps z h-> (l)i, x i-> (x) p , y (y) q and yj (hj) Ldj is in fact a surjection. 
But the latter is an immediate consequence of Property (|P3j) of key forms. This completes the proof of assertion [1] 
of Proposition 14.81 □ 

Proof of assertion^ of Proposition \4-8\ Note that of Proposition 14.81 is precisely h m . Observe that 

1. h m is a monic polynomial in y of degree p. 

2. Since h m is a polynomial by assumption, it is also a monic polynomial in x of degree q. 

3. uj(h m ) = pq. 

Since p and q are relatively prime, these observations imply that h m has one place at infinity and there is a degree-wise 
Puiseux series ip(x) with polydromy order p such that 

p 

h m = H(y-^(x)), (12) 

j=l 

tpj's are the conjugates of tp. Identities (|12p and (jlip then imply that there must be j, 1 < j < p, such that 

ipj(x) = 4>s(x,0k=c" +l.o.t. 

for some c" £ C. This proves that the curve of h m has a parametrization at infinity of the form (jfj), as required. □ 



Proof of assertion of Proposition \4-8\ We prove it by contradiction. So assume there exists j, 1 < j < m, such that 
a.,- < and that there exists a polynomial / G C[x,y] such that all of its branches at infinity has a parametrization 
of the form 

t H- (t, a t q/p + (nfo-V/P + ■■■ + a s _!t^- s+1 )/ p + S q - a V p + Lo.t.) 
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for some c G C (where c depends on the branch). Let us write <j){x) := aox q ^ p + axx^" 1 ^ 13 + • • • + a s -ix^ s+l ^ p . 
Then it follows from Theorem 14.61 that there exist degree- wise Puiseux series tpi, . . . , tpi in x such that / has a 
factorization of the form 



i=l ipij is a 
conjugate 
of ipi 

where for each i, 1 < i < I, 

ifji{x) = (f>(x) + ax (q - s)/p + l.o.t. (13) 

for some c, G C. Pick i, 1 < i < I, and let 

j 

It follows from (|13p that p divides the polydromy order (which is also the number of conjugates) of tpi, and for 
each conjugate ipij of ifii, there is a conjugate of <j) such that 

V^-(x) = <f> f (x) + CijX^/P + l.o.t. 
for some cy G C. It follows that can be expressed in the following form: 

V Pi/P 

= n n ( y ~ ^''(^ ~ $?j( x )) > where de §x (i>fj(, x )) <(q- s )/p, 
j'=i j=i 

Pi/p 

= Y\ where 
j=l 
p 

*»j := II (v - <Pj'( x ) - ^j'j( x i) > for each 3, i < j < Pi/p- 

i'=i 

Fix a j, 1 < j < pj/p. Let w be the weighted degree defined preceding Claim EDTA Note that u extends to a weighted 
degree on C((x))[y] (corresponding to weight p for x and q for y), where C{(x)} is the field of degree-wise Puiseux 
series in x. Then it follows that 

p 

*y = Y\ (v ~ ^j'( x )) + Hij(x,y) for some fly G C{(x))[y], w(fly) <pq- s, 
= $s(x,y) + Hij(x,y) 

m 

= y p - a p Q x q - + Hij(x,y) for some fly G C((x))[y], w(fly) <pq- s. 

k=l 

Now we prepare for the contradiction. Pick the smallest integer &o such that otk < and let Wo := uj(gk ) > pq — s. 
Collecting all terms of \l/y with cj value less than Wq yields: 

#y = y p - a p x q ~^2gk + Gij(x,y) for some Gy G C({x))[y], w(Gy) < Wq. 
fc=i 

In particular, note that vpy — Gy is independent of i,j. Now 



/ = n = n (y p - a o x? - e 5* + ^ (*> y)) • 

i,j i,j \ k=l / 



hi hi 

Let M be the total number of factors in the product of right hand side, and for each W G Q, let f\y be the sum of 
monomials that appear (after multiplying out all the factors) in the right hand side with w-value equal to W. Then 
for all W > W\ := (M — l)pq + Wq, fw is a polynomial in x and y. Moreover, fw 1 = f — M(y p — a p ) x q ) M ~ 1 gk Q for 
a polynomial / in x and y. Let /':=/ — Y2w>W 1 fw ~ f ■ Then it follows that /' is a polynomial with co(f) = W\, 
but the leading weighted homogeneous form (with respect to uj) of /' is —M{y p — a P ) x q ) M ~ 1 gk , which is not a 
polynomial. This gives the desired contradiction and completes the proof of assertion [3] of Proposition 14.81 □ 
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